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Abstract

The analysis of a guided plasma wakefield accelerator
is considered. 1t is shown by anelytical and graphic
resolution that the wakewave is propagative and that its
phase velocity is greater than the light velocity. An
expression of the potentials describing this system is
also given: it appears that although the longitudinal wake
field intensity is decaying, the transform ratio is still the
same, so that the acceleration gradient is the one
predicted by the infinite PWFA theory. We also notice that
the focalisalion is enhanced, especially for small bunches.

Introduction

This paper presents an investigation of the dynamics
of a plasma waveguide accelerator. This is deeply inspired
from the PWFA (Plasma WakeField Accelerator}, developed
by Chen et al. (1), Katsouleas et al.[2}, JJ. Su et al.[3].The
PWFA principle is as following: Let us pose to consider an
infinite plasma, in which the ions are not supposed to
contribute to the motion. The injection of a relativistic
electron bunch, properly shaped, will generate, because of
its interaction with the medium, a steady wave which is
in fact a plasma wakewave This wave is the structure
which will extract enmergy from the driving bunch and
transfer it to & trailing group of electrons and then
accelerate them.

A disadvantage of this previous scheme is that the
electromagnetic energy flux occupies volumes exceeding
the region where the trailing bunch is accelerated.
Whereas considering a plasma waveguide configuration,
where the plasma has a finite redial extent and is
surrounded by @& dielectric, reduces the energetical flux
area and concentrates it into the useful regions.

This paper is divided into two sections: in the first
one, we will determine the dispersion relation related to
the guided configuration. The wakewave, generated by the
interactions between the driving bunch and the plasme, is
a travelling one, and can propagate with phase velocities
Vo> € (where ¢ is the light velocity). In the following

section, we will draw up the expression of the fields
characterising the wakewave and compare them with
those obtained in the infinite configuration.

Dispersion relation

So, let us pose to consider the plasma wave guide
configuration described in Fig. 1. The plasma column is
assumed to be longitudinally infinite, but has a finite

radial extent b. The plasma is surrounded by & dielectric
which is limited at r=d by a conducting wall.

we will then inject through the plasma a relativistic
electron bunch, whose charge density is properly defined

by o(r,£)=f(r)g(£); &=v,t-z is the longitudinal component,
Yy is the bunch velocity and is supposed Lo be almost equal

to the light velocity c ). For our convenience, we will
choose the radial and the longitudinal part of the charge

density as: f{r)= D =const,, 0K r <a; elsewhere, f{r)=0.
g(e)=t, ,-LKE< 0 ; elswhere, g(§)=0.
where a is the radius of the bunch, L is its length.

Fig.1. Configuration of the plasma waveguide accelerator.

we will part this system into three sections:
-the region (1) is inside the bunch: rea.

~the region {2) is the plasma area : agr<b.

-the region (3} is inside the dielectric: b<rgd.

we will introduce the double Fourier Transform in 2zt

as:f(k,w)=|fe 12" f(z 1)dzdt ; defining k and © to be the
transform variables.

By considering the equivalent dielectrics [a)
{containing no free charge) and by combining the Maxwell,
Poissan, motion and continuity equations, we obtain the
dielectric constants for the three sections as following:

- ey 27658 — oy 2f{ey-w 112
91_90(1 op /o Opb Ho-vp 1) ).

- ey 24052 -
92-90(1 ©, /%)  end £, €,

2_n @l - .
where op =n,e /mso- plasma frequency;

and opDZ:Nez/meo.f(r)g(o,k) = beam plasma frequency .

The mixing of the Mexwell equations, adding the double
Fourier Transform, leads to the well known propagative
equation for the longitudinal components:

[ Vlz (k2 ~0?/c? s‘_)] E,=0 ,whereiz123. (1)
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‘Ulz is the transverse cylindrical laplacian :l/r’dr(rr':lr ).

The three mediums are assumed to be uniform and
isotropic, so the axial propagation constant k must be the
same into the three sections in order to satisfy the
boundary condition.

The three solutions of eq. (1) must be matched at the
boundaries. The boundary conditions are:

at r=a: E1z(r=&) = E«Zz(rzﬂ) ()]
el(rza).E,r(rza) = 82(r=a).E2, (r=a) (3)
at r=b: EZz(r:b) = E&(r:b) (4)
ez(r:b).EZr(rzb) z sz(r:b).Ey(r:b) (5)
atr=d:  E (r=d)=0 ©
at r=0; E,,(r=0) is finite. @

Let's try to establish the dispersion relation by
setting up the field components:

-for 0<r¢a: because of eqs.(1),(?, we have

E,, =4 .Jo(g‘r) , where J is the Bessel Function of zero
order and B 2= o 81/(:2 - K2 >0

-foragr<b:eq (1 leads to: E,=F. Io(gzr) +D. KO(@zr) .
where |, , K, are the modified Bessel Functions of zero
order, and @22: kZ- 0292/02 50.

- for bsr«d: eqs. (1) and (e) leads to

Eg,= 6L Ip(B,n) . KylB,0) - (B, d) . Ky(B,) ], where

@3=k2“02£3/C2 »0 and A F,D,G constants to be determined.

The fields satisfying the conditions (2), (3, (4),(s), we
can eliminate the unknown constants and establish the
dispersion relation:

-8, (8).4y(B, 8)/, (B, @)={(B,/p,)L.1M+P.0} / [LS/B+PT/p, ] ®)
@32 -p2= 02/(:2[82—33] ©
B2~ 8,22 0/ [e ¢ )] )
where L=1, (B b)K,(p,d) + 15(p d)K, (B,b),

N=I0(D28)K0(Dzb) - IO(QZD)KD(QZG),

P=l5(B,b)Ky(B,d) - 15(B, Ky (B, b),

0='o(@25)'<1(@2b) + KU(@za)l,(sz),

S=1,(B,8)K,(pb) + K, (B,8)15(p,b),

T=1,(B,a)K, (p b) - K, (B,8)1, (B,b).
The two parts of eq. (8) are plotted in Fig. 2. The graphic
resolution leads to: p a= p ; where gn:ﬂfz +nT(. At the

first order (for n=0}, @13:1‘[/2 . The dispersion relation is

propagative and is expressed as Tollowing:
W= w2+ K2c2 +(T(c/2a). an

Hence the phase velocity Yon of the wave is greater thanc.
The cut off is [op2+(gn/ﬂ)2]' 2,
propagation below this value.

there won't be any

Wakefields

The above dispersion relation wil! be helpful for the
determination of the wakefield W = E+v A B generated by

the driving bunch. This wakefield could be simply
expressed by considering the perturbed vector and scaler

potentials A and ®, related by E=-V®-1/c(3A/8t).
According to Ref. {1L.[2]. 3}, we derive: W, =8,(A - @) end

wl=ﬂr(Az—®) , where W= W,, + W, ; (the longitudinal
component of the field W,, contributes to the accelerating

process, while the transverse part of the wakefield wl

characterises the focalisation). One sets up the fellowing
equations:

(V 2-k 2) (A - @) = -4nen{r,t) , where i=1,2. (12)
1 P z i
2 s L . .
Vl (A:52 0!3) = 0, inside the dielectric. (13)
and azgz nirE) +kp2n(r,£) = kpzcr(r,ﬁ) (14)

where n is the plasma density perturbation and k; :op/c .

Equation (14) is easily solved : n"(')(r,i):(g/e)f(r)G*(')(i),
where +(-) means respectively ‘outside’ {inside’) the bunch.
G7(E) = -(ge/kp)(kpﬁ-sinkpﬁ) for ~L<E<0 (inside the bunch).
6*E) = (2pTle/k Jeosk £ for E<-L (outside the bunch).

we also have to consider the boundaries conditions for
the resolution of eqs. 32), (13):

str=a: (A -@)_ =(A-®)_,
3 {a) xflr(ﬁxlz-m1 )y = ez(a) xar(AZZ—GJ

(Ay @)y = (A0
£,(0) xB (Ay,-®) = £ (bhd (Ag,-0), .

2)r=a ’
at r=b:

Therefore the potentials are expressed as following:
(A,,-® 1)=D*.G(E){-|0(kpr)l[Kl (kpa)+T.l,(kpa)}+ 1 /kpa} ,0€r<a

(4,,-® 1,):D*.G(E) I,(kpa) [Kn(kpr)-T.Io(kpr)] ,
(A&—¢3)=D*.V.G(E) l,(kpa) Ln(r/d),

-1
where V- [82Ln(b/d)kpb Il(kpb) - Io(kpb)] ,

aLr<b

bgr«d

T= - [Ko(kpb) + ezkpb Ln(b/0) K, (kpb)] /v, D*=4 n‘eDa/kp.

The expressions of the longitudinal and transverse
wakefield components are straightforwardly established
from the above potentials. For large b’ (kpb»l), we obtain

the potentials corresponding lo infinite plasms case.
These fields are plotted Fig.3,4,5 (full line for the bounded
plasma , broken line for the infinite plasma ).



Conclusion

The main difference between the infinite and the
guided PWFA is that the first is a stending wave
accelerator while the other is propagative. By compering
these two cases, it appears that the intensity of the
transverse wakefield of the bounded configuration is
somewhat enhanced, especially outside the bunch (for
radii rra). For smsll bunches, the increase of the
focalisation is perceptible inside and outside the beam
as well. The fact the electromagnetic energy flux is
concentrated in a limited volume might explain this
enhancement. The intensity of the longitudinal field for
the guided case is decaying compared with the infinite
one. Anyhow, the transform ratio R, characterising the
ability of the wave to transfer an energy amount from the
diving bunch to the trailing one, doesn't change whatever
the configurstion is. So the previous acceleration
expectations are still on. Anyhow, further investigations
have Lo be pursued.

Acknowledgment

The suthor wish to acknowledge useful dissussion
with J.L. Bobin end J. B. Larour.

References

[1] P. Chen, JM. Dawson, R.¥. Huff and T. Katsouleas,

“Accelerstion of Electrons by the Interaction of a
Bunched Electron Beam with a Plasma”, Phus. Rev.
Lett., ¥ol54, pp. 693-696, Feb 198S.

[2} T. Katsouleas,"Physical mechanisms in the plasma

woke-field accelerator”, Phys.Rey. lett, vol33,
pp.2056-2064, March 1986.

[2]J.J Su,T. Ketsouleas, J.M. Dawson, P. Chen, M. Jones

and R. Keinigs, "Stability of the Driving Bunch in the
Plasma Wakefield Accelerator™, |EEE Trans. P1. Sc,, Vol
PS-15, No.2, pp. 192-198 , April 1987.

[4] A Trivelpiece, Slow-Wave Propagation in Plasma
waveguides, San Francisco Press,1967, Ch.1-5,p.1-101.

477

-10

-a10%

-g10%
0

Pa
fig.2. Graphic resolution of eq.(8): left(right) part vs. Bo ( B );

Teft part :full line; right part: broken line. Intersection point=T0/2.
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Fig.3.Radial part of the normalised trensverse fields versus kpr
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Fig.4. Redial part of the normalised transverse fields versus kpb
= 4 -1.¢ _ . . - . -
{(a <b ). kp=1.8810"m $Ypp=1.34c; ko8=05; kpr=08; kgd=15.

20

0.4}

~o0.4]-

Al
1

-2.0 [ AR T T — K
0 -1 -2 -3 -4 Y5 - =7 -8 -9 —10 pt
Fig 5. Normalised longitudinal fields versus k¥ . ky=1.88. 10%m71;
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