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Abstract

The focusing of particles by a thin plasma lens is analyzed with physical,
linearized fluid and PIC computational models. For parameters similar to next-
generation linear colliders, the plasma lens strength can exceed 100 MG/cm, and
the luminosity can be enhanced by an order of magnitude by passing each beam
through an appropriate plasma slab. The plasma electrons effect the focusing by
shifting so as to (partially or completely) charge neutralize the beam. The
effects of spherical aberrations, emittance, plasma boundaries, and non-linear-
plasma dynamics on the final spot size are discussed.

L. Introduction

One of the challenges for future e* e~ high energy linear colliders is to
increase the luminosity as the square of the center of mass energy in order to
keep the event rate constant. For fixed repetition rate and number of particles
this means reducing the spot size of the beams at the interaction point.
Recently, plasma techniques capable of extremely strong focusing gradients
(order 100 MG/cm compared to § kG/cm for typical quadrupole magnet focus-
ing) have been proposed to accomplish such spot size reduction 'S,

At least three distinct particle focusing schemes in plasmas have been
referred to as plasma lenses, though the physical mechanisms and capabilities of
each are quite different. These are (1) focusing of particles by the radial fields
of a large-amplitude plasma wave moving with the beam57, (2) focusing by the
aximuthal magnetic field of a z-pinch plasma carrying a large axial current®S,
and (3) self-focusing due to shielding of a particle beam’s space charge by a
quiescent plasma!~319, It is this latter plasma lens concept that will be examined
here.

In this paper we describe simple analytic models to predict limitations on
the final spot size produced by a plasma lens including the effects of spherical
aberrations and beam emittance (Sec. II). The analytic predictions are then
compared to 2-D electromagnetic, relativistic, self-consistent particle-in-cell
(PIC) simulations (Sec. III). The results are discussed in Sec. IV with examples
given for presently available beam parameters.

II. _Analytic Models

To understand the physical mechanism of the self-pinch lens concept, first
consider a relativistic electron beam traveling through vacuum. In this case, the
repulsive force due to the space charge of all the electrons in the bunch is can-
celled (to order y2) by the attractive force due to the self-magnetic field of the
bunch; thus the beam continues, with essentially constant radius. However, if
this same beam now enters a plasma, the plasma electrons respond to the excess
charge by shifting away from the beam particles. The remaining plasma ions
neutralize the space-charge force within the beam. For positron beams the
charge neutralization is equivalent but is due to the plasma electrons shifting in
the opposite direction. While the plasma is very effective at shielding the
beam’s space charge, it is less effective at shielding its current. Thus the beam
experiences almost the full effect of its self-generated azimuthal magnetic field.
From Ampere’s law this is Bg = 2rnger for a uniform beam density ny, where
B=vic = 1. This gives a radial Lorentz force

Fr = 2xme?r . or (1a)
Fd/t = 2mne? = 3x10~%n, gaussicm (1b)

for ny in cm™. For example, a beam similar to that required for a future 5-TeV
collider'! might have 4x10® particles, 3 radius, and be 100 p long, so that
m, = 107 cm™ and Fyr = 300 megagauss/cm. This exceeds by four orders of
magnitude the equivalent focusing strength of conventional quadrupole mag-
nets. Neglecting limitations due to aberrations, the beam radius at the interac-
tion point (a*) is inversely proportional to the focusing strength of the final lens
(for fixed lens thickness and beam emittance), and the luminosity is proportional
to a*-2. Thus the luminosity enhancement from a plasma lens may be consider-
able.

RANSVERSE WAVE

The simple physical argument given above based on plasma shielding of
space charges neglects some important effects such as electron inertia, return
currents, and the radial dependence of ny,. All of these are included quantita-
tively by a plasma wakefield analysis. The physical model is in good quantita-
tive agreement with the wakefield analysis under the following conditions on the
beam’s scale length and radius:

G > Clwp » Iy [¢19)]

where ¢/, is the plasma skin depth (~ 5x10° n5™ [em], where n, is the plasma
density in em™3). The first inequality assures that the beam density rises slowly
enough that the plasma electrons respond essentially adiabatically to maintain
charge neutrality (i.e., without overshooting and oscillating). The second ine-
quality assures that the plasma return current!? (which follows in a cylinder a
few skin depths in radius) flows mainly outside of the beam and so does not
reduce the focusing force within the beam.

Wakefield Description:

A formal wakefield analysis of the plasma lens using a cold fluid plasma
model has been given previously in Refs. 1 and 2. Here we summarize the
results and apply them to determining the aberrations of the lens.

The transverse wakefield is defined as the transverse Laowentz force on a
unit charge moving with velocity B = v/ic = 1 in the longitudinal (£) direction:

W) = E+FxB) = E -Bo

where the plasma wake is assumed to be a function only of rand & =z - ct (e.g.,
as in the case when the wake is excited by a beam moving at ¥=c#). The
wakefield excited by a relativistic beam of arbitrary density in the (separable)
formn, = py(E)p (N is’

W, = ZEIR() 2)

where

z) = i—-«r“’;";f"’ ot o) cos ke )

R() = ! rdep ) Lo (e Ko (gr) + [ Fdr'p,r') Io (kyr) Ko (kpr)

where k; = 2namy/c.

Analytic and numerical solutions of these integrals have been obtained
previously be several authors'->!? for various density profiles. Three represen-
tative examples — parabolic p, = p, (1-r%a%), uniform p, = p, for r < a, and
Gaussian p, = p, €2 profiles—are illustrated in Fig. 1 for a = .2 ¢/w,. One
feature of Fig. 1 worth noting is that the deviations from linear focusing (spheri-
cal aberrations) are in opposite directions for uniform beam profiles and Gaus-
sian (or parabolic) profiles. This suggests that the aberrations could be
significantly reduced if the beam density could be tailored to some intermediate
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Fig. 1 The focusing force W_ vs. r for (a) uniform and (b) parabolic beam density
profiles [ p, = g, Pol1-r¥/al), and a = 2 c/ty].
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Fig.2 Spherical aberration (=1~ (W irlq / (W /)| ), where O is the r.m.s. radius
of the beam) vs. spot size for Gaussian beams.

profile. The deviation from linear or spherical aberration as a function of spot
size (a) is shown in Fig. 2 for Gaussian beams. In Fig. 3 the focusing strength
Fgr vs. spot size (for fixed beam density) is shown. Figure 2 and 3 illustrate the
need to keep the spot size small compared to c/w, in order to keep the aberra-
tions small and focusing strength large.

Finally, we tumn to the z-dependence of the radial wakefield in Eq. (2). As
we see from Eq. (2) the solutions to W in general have oscillations in z with
period kz!. This was missing from our simple physical argument since we
neglected the inertia of the electrons. When the plasma electrons are displaced
by the particle beam they tend to overshoot and oscillate. A simple solution is
allow the beam density to increase slowly at the head compared to ¢/@,. In this
way the plasma electrons respond adiabatically without oscillating appreciably.

A numerical solution of W )(z) for a slowly rising beam density is shown
in Fig. 4. The longer is the scale length of the density rise compared to ¢/, the
smaller are the oscillations in focusing force? (e.g., for a uniform beam pre-
ceeded by a linear ramp of length L the ratio of the rippled amplitude to the
focusing force is 1/k,L). Thus for (narrow) beams ramped up slowly compared
to ¢/, the focusing force is again given by Eq. (1), but with n, a function of &.
The variation in focusing strength over the bunch length gives rise to a "longiw-
dinal aberration” of the plasma lens that will be examined in a future paper.

Spot Size

Two limitations on the final spot size of a particle beam result from the
emittance of the beam and the aberrations of the lens. These are illustrated in
Fig. 5. Here we use these simple physical pictures and the wakefield results to
obtain scaling laws for the final spot size.

The emittance limit on spot size arises because particles entering a lens
have angular spread B, given by 8, ~ €/a,, where € is the beam emittance (pro-
portional to the transverse phase space area of the beam divided by the beam
energy) and a, is the spot size at the lens entrance. Thus, two adjacent particles
at the Jens will spread by an amount 8 by the time they reach the focal point 2
distance f away. Thus the final spot size will be larger than

a2 fela, 3

The focal length is easily estimated from the impulse approximation (for a thin
lens of thickness{ « f) on a particle at radius r.

f . P -
?“P:”l?m&,m = fge o
_ym¢® 1 _ 1
B S @
Combining Eqs. (1), (3), and (4) gives

2ty BN M |1 I . & (10¥cm?
T || kA | T T iy
where ex = ¥e is the normalized emittance in cm-rad and all lengths are in units
of cm in the last expression.

The limitation on final spot size due to spherical aberrations is illustrated
in Fig. 5(b). A particle at r.m.s. radius a, entering the lens is given a radial
deflection 8 proportional to the focusing strength (K) at radius a,. If the lens has
aberrations AK, then the particle will receive an error in radial kick by an
amount AB = 8(AK/K) where 8 = ay/f, so that the final spot size is fAD or

a' > 2, (AK/K) . ()

For the example shown in Fig. 2(a) where AK/K ~ 17%, we would predict a
final spot size limit due to spherical aberrations of a° ~ .17a,.
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Fig. 3 };t;cuxing strength W/t |5 vs. spot size for Gaussian beams, normalized to Eq.

Thus when both aberrations and emittance are considered, the final spot
size will be the targer of Egs. (5) and (6) (or, when both are comparable, the
square root of the sum of the squares*).

1. _Simulation Model

To verify the simple scaling laws given in Eqs. (1), (5), and {6}, we per-
form 244D computer simulations of the plasma lens. The simulaton code used
is ISIS'; it is a relativistic electromagnetic particle-in-cell simulation code that
solves for the self-consistent motion of the plasma and beam particles via
Maxwells’ equations on a discrete spatial grid. The 214D spatial and momen-
tum variables are 1,2 and py, p;, and pe.

Figure 6 illustrates real space snapshots of an electron beam passing
through a plasma lens. The parameters for this simulation comrespond to the
analytic/numerical cases in Fig. 1(b) and 4. As expected the low density leading
portion of the beam is not well focused, but enables the uniform focusing of the
main portion of the beam. The focusing force W) within the beam is shown in
Fig. 7. These simulation results should be compared to the wakefield model
results in Figs. 1(a) and 1(b).

The final spot size of the focused beam is shown in Fig. 8 for four dif-
ferent cases. The first corresponds to a uniform radial density profile and cold
beam [as in Figs. 1(a) and (d)]; the last three correspond to a parabolic profile
and gradually increasing emittance (€=0, 10-? a,, 1072 a,).

In the first three cases, the spot size is aberration limited. We expect a” ~
2afm ~ 3c/uy, (from Eq. (6) and Fig. 2) for the uniform beam case. The final
rams. spot size in the simulation was ~ 0.1 ¢/@;, three times smaller than
predicted. The smaller spot size is a reflection of the better than expected linear-
ity of W, vs. 1 (compared Fig. 1(a) and 7(d). This may be due to a slight change
of the beam’s density profile within the lens. For the parabolic beam cases, we
expect a° ~ .2 al™* ~ .2c/w, when the spot size is aberration limited. This is in
fair agreement with Figs. 8(b) and (c); though the spot sizes in the simulations
are again smaller than predicted (by 30% in these cases). From Eq. (5) we
expect the emittance to limit the spot size to a value larger than this when the
emittance exceeds £ » .01 a,. We see from Figs. 8(c) and (d) that the emittance
has [litde effect when € is one order of magnitude below this (g/a, = 10-3), but
nearly eliminates the focusing in the last case (g/a, = 1072).,

In general, the simulation results corroborate the analytic models. They
illustrate transient and boundary effects!* not included in the analytic models
and show that these effects do not substantially alter our conclusions.

IV. Discussion

A number of schemes involving plasmas have the potential to Provide
ultra-strong focusing of particle beams. The particular plasma lens design that
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Fig. 4 Solution to Eq. (2) for W, vs, z for the linearly ramped beam in the figure
showing the slow rise and small oscillations in the focusing force over the length
of the beam.
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is best depends on the beam’s length, width, density and shape. For parameters
typical of present e* e~ colliders we find that the simplest design—a thin plasma
slab with no precursors or specialized shaping placed near the final focus of a
conventional focusing system—is capable of providing a further enhancement
of the luminosity by an order of magnitude.

We illustrate the conclusions of our physical, wakefield and simulation -2~~~

models with a design example for the proposed 1 TeV CLIC collider at the
CERN Laboratory in Geneva. The design calls for electron and positron beams
of $x10° particles, length g, = 200 1, emittance Sx107!! cm~rad (gn = 107 cm-
rad), and approximately Gaussian profile ny, ~ fin exp(— 2207 — 1%207).16 The
design goal for the final spot size is a’ = ¢; < 60nm.
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Tlustration of how (a) emittance and (b) spherical aberrations limit final spot size
from a lens.

Fig. 5

In order to employ a simple self-pinch plasma lens design we must satisfy
the following conditions: (1) The initial spot size entering the lens must be small
enough to avoid spherical aberration limits. From Eq. (6) and Fig. 2 we expect
the abberations to be on the order of 15%. Thus we take a, = a"/.15 or 4p. (2)
The beam should be both long and narrow compared to ¢/, (inequalities {1c]
and (1d]). This specifies a range of plasma densities between 6x10' cm™> and
1.6x10% cm=3, (3) The initial beam density should be small compared to the
plasma density. For the above parameters fy, ~ 1.4x1078cm™, so we take
n, = 1019 cm-? 1o satisfy the latter two conditions. (4) The thickness of the lens (
0 ) must be chosen large enough to overcome the emiltance of the beam (ine-
quality (51 ) and small enough compared to f [Eq. (4)] to justify our use of a thin
lens treatment. These give 2 1.8 mm and f ~ 4.6 cm. Thus a thin plasma slab
of thickness 2 mm and density 10? cm™? ptaced 4 cm from the interaction point
should be capable of reducing the radius of the e* or e~ beams from ~ Ap to ~
60 nm.

Although the linear lens design just described applies to both electrons
and positrons, it may be advantageous to employ a non-linear-plasma lens
design (n, > ny,) for the electrons. The non-linear design not only has smaller
aberrations (<3% in simulations we have performed) but also a lower density, so
the contribution to background noise in the detectors from collisions in the
plasma will be less.)? )

If suitable means of producing high-repetition-rate plasmas (such as
laser-jonized laminar gas jets'®) prove feasible, then plasma lenses may become
a promising means of attaining unprecedented spot sizes.
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Fig.6 Real space (r vs. z) for a beam and & plasma at several times showing focusing in
2 2-D PIC simulation. The beam density was linearly ramped over 30 ¢/t in z
and constant for 40 ¢/@, with a peak density of .2n,; energy Y = 200. The
radial profile was parabolic out to radius a = 2 ¢/@,. The lens is a thin plasma

siab of thickness 50 ¢/t0p.
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Fig.7 The focusing force W in the simulation of Fig. 6 as a function of (a) z atr = 1.7
Clopand (byratz=3 cla)g.e In (c) and {d) the corresponding resulls of a simu-
lation with a uniform radial beam profile (out to radius 2¢/(dp) are shown.
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Fig. 8 Beam densities vs. r (left) and real space of beam (right) at the final focus in

various 2-D plasma lens simulations: (a) flat, cold beam; (b) parabolic, cold
beam; Sc) parabolic, warm beam (€= 103 a,); (d) parabolic, warmer
(e= 10% a,). All other parameters are as in Fig. 7.
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