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Abstract 

The focusing of particles by a thin plasma lens is analyzed with physical, 
linearized fluid and PIC computational models. For parameters similar to next- 
generation linear colliders, the plasma lens smngth can exceed 100 MC/cm, and 
the luminosity can be enhanced by an order of magnitude by passing each beam 
through an appropriate plasma slab. The plasma electrons effect the focusing by 
shifting so a~ to (partially or completely) charge neutralize the beam. The 
effects of spherical aberrations, emittance, plasma boundaries, and non-linear- 
plasma dynamics on the final spot size are discussed. 

I. Intnxlucti~ 

One of the challenges for future e+e- high energy linear colliders is to 
increase the luminosity as the square of the center of mass energy in order to 
keep the event rate constant. For fixed repetition rate and number of particles 
this means reducing the spot size of the beams at the interaction point. 
Recently, plasma techniques capable of extremely strong focusing gradients 
(order 100 MGlcm compared to 5 kG/cm for typical quadrupole magnet focus- 
ing) have been proposed to accomplish such spot size reduction’d. 

At least three distinct particle focusing schemes in plasm&s have been 
referred to as plasma lenses, though the physical mechanisms and capabilities of 
each are quite different. These are (I) focusing of particles by the radial fields 
of a large-amplitude plasma v~ave moving with the beam6s7, (2) focusing by the 
aximuthal magnetic tield of a z-pinch plasma carrying a large axial currcntR-q, 
and (3) self-focusing due to shielding of a particle beam’s space charge by a 
quiescent plasmal-s,‘o. It is this latter plasma lens concept that will be examined 
here. 

In this paper we describe simple analytic models to predict limitations on 
the final spot size produced by a plasma lens including the effects of spherical 
aberrations and beam emittance (Sec. II). The analytic predicdons are hen 
compared to 2-D electromagnetic, relativistic, self-consistent particle-in-cell 
(PIG) simulations (Sec. Ill). The results are discussed in Sec. IV with examples 
given for presently available beam parameters. 

II. Analytic Models 

Physical Description: 
To understand the physical mechanism of the self-pinch lens concept, tirst 

consider a relativistic electron beam traveling through vacuum. In this case, the 
repulsive force due to the space charge of all the electrons in the bunch is can- 
celled (to order rZ) by the attractive force due to the self-magnetic field of the 
bunch; thus the beam continues, with essentially constant radius. However, if 
this same beam now enters a plasma, the plasma electrons respond to the excess 
charge by shifting away from the beam particles. The remaining plasma ions 
neutralize the space-charge force within the beam. For positron beams the 
charge neutralization is equivalent but is due to the plasma electrons shifting in 
the opposite direction. While the plasma is very effective at shielding the 
beam’s space charge, it is less effective at shielding its current Thus the beam 
experiences almost the full effect of its self-generated azimuthal magnetic field. 
From Ampere’s law this is Ba = &n&r for a uniform beam density nt,, where 
p = v/c = 1. This gives a radial Lorem force 

F, = 2mb,e% or (la) 

F,lr = 27m& = 3xl@‘$,gausslcm (lb) 

for m, in cm-3. For example, a beam similar to that required for a future 5-TeV 
collideri might have 4x10s particles, 3-p radius, and be 100 v long, so that 
nb = 10” cmm3 and FJr = 300 megagausslcm. ‘I%is exceeds by four orders of 
magnitude the equivalent focusing strength of conventional quadrupole mag- 
nets. Neglecting limitations due to aberrations, the beam radius at the interac- 
tion point (a*) is inversely proportional to the focusing strength of the final lens 
(for fixed lens thickness and beam emittance), and the luminosity is proportional 
to a*-2. Thus the luminosity enhancement from a plasma lens may be consider- 
able. 

The simple physical argument given above baFed on plasma shielding of 
space charges neglects some important effects such as electron inertia, return 
currrnts, and the radial dependence of nb. All of these are included quantita- 
tively by a plasma waketield analysis. The physical model is in good quantita- 
tive agreement with the wakefield analysis under the following conditions on the 
beam’s scale length and radius: 

(ICI 

where c/w, is the plasma skin depth (- 5x10! nFH [cm], where n, is the plasma 
density in cm-“). The first inequality assures that the beam density rises slowly 
enough that the plasma electrons respond essentially adiabatically to maintain 
charge neutrality (i.e.. without overshooting and oscillating). The second ine- 
quality zisurez that the plasma return current’* (which follows in a cylinder a 
few skin depths in radius) flows mainly outside of the beam and so does not 
reduce the focusing force within the beam. 

Wakefield Description: 

A formal wakefield analysis of the pl;ctma lens using a cold iluid plasc~a 
model has been given previously in Refs. 1 and 2. Here we summarize the 
results and apply them to determining the aberrations of the lens. 

The transverse wakefield is defined as the tmns+erx lixrntf fixer CM B 
unit charge moving with velocity p = v/c = 1 in the longitudinal (f) dir&on: 

W,(r,E,) = (i?+~xi$, - F--B” 

where the plasma wake is assumed to be a function only of r and 5 F z ct (e.g., 
as in the case when the wake is excited by a beam moving at X’ = ci). The 
wakelield excited by a relativistic beam of arbitrary density in the (separable) 
form nb E p&fpl(r) is1 

Wi = U&&R(r) 12) 

Z(k) = +q d:’ ~~(5’) cos k&5’) 

as 

R(r) = j fdr’P&? IO &$‘I % (kg) + j r’dr’pdr’f I, (kg) K+ (kg’) 
0 i 

where k, = 2nodc 

Analytic and numerical solutions of these integrals have been obtained 
previously be several authors1-3J3 for various density profiles. Three represen- 
tative examples - parabolic pI = pO (I-$1a2), uniform pL = pO for r <: a, and 
Gaussian pI = pO e-@- profiles-are illustrated in Fig. 1 for a = .2 c/9. One 
feature of Fig. 1 worth noting is that the deviations horn linear focusing (spheri- 
cal aberrations) are in opposite directions for uniform beam proliles and Gaus- 
sian (or parabolic) profiles. This suggests that the aberrations could be 
signiiicantly reduced if the beam density could be tailored to some intermediate 
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Fig. 1 The focusing force W- vs. r for (a) uniform and (b) parabohc beam densit) 
profiles [ pL = pO, l&(1-&a2), and a = 2 cm,,],]. 
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Fig. 2 Spherical aberration ( f 1 - (%‘.Jr ( ..,, I (%‘,/r) 1 o ), where or is the r.m.s. radius 
of the beam) vs. spot size for Gaussian beams. 

profile. The deviation from linear or spherical aberration as a function of spot 
size (a) is shown in Fig. 2 for Gaussian beams In Fig. 3 the focusing strength 
Fg vs. spot size (for Exed beam density) is shown. Figure 2 and 3 illustrate the 
need to keep the spot size small compared to c/w, in order to keep the aberra- 
tions small and focusing strength large. 

Finally, we turn to the z-dependence of the radial wakefield in Eq. (2). As 
we see from Eq. (2) the solutions to WI in general have oscillations in z with 
period k$. Thii was missing from our simple physical argument since we 
neglected the inertia of the electrons. When the plasma electrons are displaced 
by the particle beam they tend to overshoot and oscillate. A simple solution is to 
allow rhe beam density to increase slowly at the head compared to c/w,. In this 
way the plasma electrons respond adiabatically without oscillating appreciably. 

A numericaI solution of W,(z) for a stowly rising beam density is shown 
in Fig. 4. The longer is the scale length of the density rise compared to C/W, the 
smaller are the oscillations in focusing force3 (e.g., for a uniform beam pre- 
cee&d by a Iinear ramp of length L the ratio of the rippled amplitude to the 
focusing force is l/k&. Thus for (narrow) beams ramped up slowly compared 
to c/c+, the focusing force is again given by Eq. (1). but with nu a function of 5. 
The variation in focusing strength over the bunch length gives rise to a “longitu- 
dinal aberration” of the plasma lens that will be examined in a future paper. 

Spot Size 

Two limitations on the final spot size of a particle beam result from the 
emittance of the beam and the aberrations of the lens. These are illustrated in 
Fig. 5. Here we use these simple physical pictures and the wakeheld results to 
obtain scaling laws for the final spot size. 

The emittance limit on spot size arises because particles entering a lens 
have angular spread t& given by Or - da,, where E is the beam emittance (pro- 
portional to the transverse phase space area of the beam divided by the beam 
energy) and a, is the spot size at the lens entrance. Thus, two adjacent particles 
at the lens will spread by an amount ft& by the time they reach the focal point a 
distance f away. Thus the final sgot size will be larger than 

a’ Z fe./ao (3) 

Tbe foCal length is easily estimated from the impulse approximation (for a thin 
lens of thickness 0 4 fl on a particle at radius r. 

f - Pll -- 
r y;=&=ig Or 

f=*+srtp- (4) 

Combining Eqs. (I), (3). and (4) gives 

a. 2 EN no 
Tz[-&][++~ [qyq (5) 

where EN = “r~ is the normalized emittance in cm-tad and all lengths are in units 
of cm in the last expression, 

The limitation on final spot size due to spherical abetradons is illustrated 
in Fig. 5(b). A particle at r.ms. radius a, entering the lens is given a radial 
deflection g PrOpOtimd to the focusing strength (K) at radius h. If the lens has 
aberrations AK, then the particle wili receive an error in radial kick by an 
amount Ag = B(AL\K/K) where tl = a,Jf, so that the final spot size is fA0 or 

a* 2 a, (AK/K) (6) 
For the example shown in Fig. Z(a) where AK/K - 175, we would predict a 
final spot sire limit due to spherical aberrations of a’ - .17&. 
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Fig. 3 F~ushg strength WJr I o M. spot size for Gaussian beams. nonnaliled m Eq. 
(1). 

Thus when both aberrations and emittance are considered, me final spot 
size will be the larger of Elqs. (5) and (6) (or, when both ate comparable, the 
square root of the sum of the squares’). 

III. Simulation Model 

To verify the simple scaling laws given in Eqs. (1). (5), and (6) we per- 
form 2?&D computer simulations of the plasma lens. The simulation code used 
is ISIS”; it is a relativistic electromagnetic particle-in-celI simulation code that 
solves for the self-consistent motion of the plasma and beam particles via 
Maxwells’ equations on a discrete spatial grid. The 2ihD spatial and momen- 
tum variables are r.2 and pn pr, and 1x9. 

Figure 6 illustrates real space snapshots of an electron beam passing 
through a plasma lens. ‘Ihe parameters for this simulation correspond to the 
analytic/numerical cases in Fig. l(b) and 4. As expected the low density leading 
portion of the beam is not well focused, but enables the uniform focusing of the 
main portion of the beam. The focusing force Wl within the beam is shown in 
Fig. 7. These simulation resuhs should be compared to the wakefield model 
results in Figs. I(a) and l(b). 

The final spot size of the focused beam is shown in Fig. 8 for four dif- 
ferent cases. The first corresponds to a uniform radiaI density profile and cold 
beam [as in Figs. l(a) and (d)]; the last three correspond to a parabolic profile 
and gradually increasing emittance (E = 0, 10-’ a, 10-s a& 

In the IIrst three cases, the spot size is aberration limited. We expect a* - 
.2&“‘, - .3c/w,, (from Eq. (6) and Fig. 2) for the uniform beam case. The final 
r.m.s. spot size in the simulation was - 0.1 dWp three times smaller than 
predicted. The smaller spot size is a reflection of the better than expected Iinear- 
ity of W, vs. r (compared Fig. l(a) and 7(d). This may be due to a slight change 
of the beam’s density profile within the lens. For the parabolic beam cases, we 
expect a* - .2 G”u, - .2c/op when the spot size is aberration Iimited. This is in 
fair agreement with Figs. S(b) and (c); though the spot sizes in the simulations 
are again smaller than predicted (by 30% in these cases). From F!q. (5) we 
expect the emittance to Limit the spot size to a value larger than this when the 
emittance exceeds E 2 .Ol %. We see from Figs. 8(c) and (d) that the emittance 
has little effect when E is one order of magnitude below this (ti& = 10-3). but 
nearly eliminates the focusing in the last case (El& = Xl-*). 

In general, the simulation results corroborate the analytic models. They 
illustrate transient and boundary effectst4 not included in the analytic models 
and show that these effects do not substantially after our conclusions. 

IV. Discussion 

A number of schemes involving plasmas have the potential to provide 
ultra-strong focusing of particle beams. The particular plasma lens &sign that 
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Fig. 4 Solution to Eq. (2) for WA vs. z for the linearly ramped beam in the figure 
showiag the slow rise and small oscillatioos in the focusing force over the length 
0ftbebeUn. 
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is best depends on the beam’s length, width, density and shape. For parameters .2 
typical of present e+ e- colliders we find that the simplest design--a thin plasma 
slab with no precursors or specialized shaping placed near the final focus of a 
conventional focusing system-is capable of providing a further enhancement 
of the luminosity by an order of magnitude. 

We illustrate the conclusions of our physical, wakefield and simulation 
models with a &sign example for the proposed 1 TeV CLIC collider at the 
CERN Laboratory in Geneva. The design calls for electron and positron beams 
of 5xlog particles, length (J, = 200 & emittance 5x1(@’ cm-fad (eN = 10-4 cm- 
rad), and approximately Gaussian profile nb - nb, exp(- z*/‘&s? - r2/2u:).t6 The 
design goal for the final spot size is a* = of C: 6&m. 

Fig. 5 Illustration of how (a) emittance aud (h) spherical aberrations limil final spot size 
from a lens. 

In order to employ a simple self-pinch plasma lens design we must satisfy 
the following conditions: (1) The initial spot size entering the lens must be small 
enough to avoid spherical aberration limits. From Eq (6) and Fig. 2 we expect 
the abberations to be on the order of 15% Thus we take a, = a’/.15 or .4&t. (2) 
The beam should be both long and narrow compared to c/w, (inequalities llcl 
and [Id]). This specifics a range of plasma densities between 6~10’~ cm-’ and 
1.6x1G” cm-s. (3) The initial beam density should be small compared to the 
plasma density. For the above parameters nbo - l.4x10Jscm-s, so we take 
n, = lOI9 cm-3 to satisfy the latter twoconditions. (4) The thickness of the lens ( 
Q ) must be chosen large enough to overcome the emitlance of the beam (ine- 
quality [Sl ) and small enough compared to f il!q. (4)l to justify our use of a thin 
lens treatment, These give Q 2 1.8 mm and f - 4.6 cm. Thus a thin plasma slab 
of thickness 2 mm and density 10’9 cm-3 placed 4 cm from the interaction point 
should be capable of reducing the radius of the e+ or e- beams from - .4p to - 
60 nm. 

Although the linear lens design just described applies to both electzrons 
and positrons, it may be advantageous to employ a non-linear-plasma lens 
design (ns > n,) for the electrons. The non-linear design not only has smaller 
aberrations (~3% in simulations we have performed) but also a lower density, so 
the contribution to background noise in the detectors from collisions in the 
plasma will be less.” 

If suitable means of producing high-repetition-rate plasmas (such as 
laser-ionized laminar gas jetsIs) prove feasible, then plasma lenses may become 
a promising means of attaining unprecedented spot sizes. 

Fii. 6 Real space (r vs. z) for a beam and a plasma al several times showing focusing in 
a 2-D PIC simulation. The beam density was linearly nunped over 30 do, in z 
and constant for 40 C/W,, with a Peak density of .a~, 1 energy T = 200. The 
radial profile was parabolx out to radius a = 2 do,. The lens is a thin plasma 
slab of thickness Xl &et,, 

Fig. 7 The focusing fore6 W in the simulation of Fig. 6 as a fuoctiou of (a) z at r = 1.7 
c/Wpaud(h)ratz~ 3fc/ 
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In (c) and (d) the curresponding results of a simu- 
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Fig. 8 Beam densities vs. r (left) and real space of beam (right) at the final focus in 
various 2-D olasma leas 8imWio~s: (a) fiat. cold beam; (b) parabolic, cold 
beam; 1 c) $abolic, warm beam ii= 1Ck3 a+); (d) Parabolic, wm 
(E = IO- ;b). AU other parameters are as in Fig. 7. 
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