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Abstract 

The single spike operation regime has been analysed in 
the case of the SPARC injector and free-electron-laser. 
Four different beams at 50 pC are studied, with different 
production condition and performance.   

INTRODUCTION 
In the FEL emission two different regimes occur 
depending on the length Lb of the beam. 
 If the Lb is larger than 2π  times the cooperation length 
Lc, the radiation presents a longitudinal structure 
constituted by several chaotic peaks, while,  if the length 
of the beam is shorter than 2πLc, the emission produces a 
radiation pulse shaped in one single spike [1]. This 
regime occurs because the radiation emitted by the 
electrons, travelling from the tail towards the head of the 
beam, covers all the distance inside the bunch in a time 
shorter than few gain times, correlating all the particles. 
The properties of this regime are well-known in 1d: 
however, the study of single-spike ultra-short radiation in 
the X rays range [2], as well as in the visible light [3], by 
means of start-to-end simulations from the photocathode 
to the end of the undulator, has shown that transverse and 
non-homogeneity effects due to radiation diffraction and 
to non–ideal characteristics of the electron beam such as 
emittance and energy spread change considerably the 
properties of the emission process. A fundamental 
problem is also how to produce a suitable beam. In the 
second part of this paper, the analysis of the 3d scaling 
law is presented. Then we present some numerical start-
to-end FEL simulations made in the case of the SPARC 
FEL, for some different beam regimes at 50 pC. The 
performance of the various bunches are compared and the 
most interesting of them are discussed. 

SCALING LAW 
The single spike operation requires that the beam length 
Lb satisfies the following requirement: 
                    Lb≤2πLc                            (1) 
with  Lc=Lc1d (1+η)               

where: Lc1d
=λ/( 3 4πρ)  and η   is defined  as in [4] : 

                                                     

2.39.22.2

d

9.17.0

d

395.0

d

4.29.226.157.0

d

11404.551

35.0355.045.0

γεεγ

γεγε

ηηη+ηη+ηη+

ηη+η+η+η=η
,             (2) 

with )4/(L 2
xd1gd πσλ=η  term that accounts for radiation 

diffraction,
λγσ
επ

=ηε 22
x

2

x,nd1gL4  for the emittance and 

γ
δγ

λ
π=ηγ

u

d1gL
4  for the energy spread effects. In these last 

expressions L
g1d

=λυ/( 3 4πρ) is the 1d gain length,   εn,x 

the normalized transverse emittance, δγ/γ the energy 
spread and λ is the radiation wavelength given by the 

resonance condition 
2

2

wu

2

)a1(

γ
+λ=λ . 

The FEL parameter  ρ, in terms of the  beam average 
current I, of the radial r.m.s dimension σx of the beam, of 

the undulator parameter K0= wa2 and period number 

ku=2π/λu, of the Lorentz factor of the beam γ can be 
written as:   
 
                                                                               (3) 
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       In (4) the current I is defined as I=cQ/Lb  with Lb the 
whole beam length if the beam current is flat top, or 
Lb= z2 σπ  with σz the FWHM length, if the longitudinal 

beam profile is Gaussian. 
The single spike condition is: 
                                   Lb=2πLc1d (1+η)                     (4) 
and the Q vs Lb scaling law  becomes  
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where in the factor η a further irrational dependence on Q 
and Lb is contained.    
The solution of (5) for four different beams obtained with 
four different beam lines at 50 pC is presented in Fig 1. 
The beams present different values of emittance, energy 
spread, current profile, longitudinal width and transverse 
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dimension. Their position in the Q vs σz plane is 
represented by green stars in Fig 1, together with single 
spike operation curves at different σx.  
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Figure 1:single spike scaling law: solid: 1 spike, dashed: 2 
spikes  for: (1) beam 1 (a) σx=50 μm, (b) σx=100 μm 
(c) σx=126 μm. (2) beam 2 (a) σx=200 μm (b) σx=150 μm 
(c) σx=104 μm, (d) σx=50 μm. (3) beam 3: (a) σx=150 
μm,(b) σx=100 μm (c) σx=80 μm (d) σx=50 μm. (4): 
beam 4 (a) σx=150 μm, (b) σx=100 μm, (c) σx=50 μm. 

 
Table 1  

beam 
 

φ(°) εn 
μm 

ΔE/E 
% 

σz 
μm 

Ipeak 

A 
1 -84.5 0.47 2.35 45 120 
2 -95 0.45 0.69 45 120 
3 -89.9 0.63 0.97 20 300 
4 -91.4 2. 2.1 22.8 430 
 

                       OPERATION AT 50 pC 
 
Four different beams generated and driven in the SPARC 
line [5] have been analysed, characterized substantially by 
different values of the injection angle φ in the first 
accelerating structure . The RF compression method has 
been used. The phase spaces together with the current 
profile are presented in Fig 2. The first beam (fig. 2, 
window (1)) has been obtained in the standard SPARC 
operation regime, scaling the parameters from the 1 nC 
working point by means of the scaling law at the cathode 
σxyz ~Q1/3  [6], and using therefore a laser pulse length of 
σt=1 psec, illuminating a region of R=0.4 mm. The 
injection angle φ was -84.5°. The beam was compressed 
at σz =45 μm, with a peak current of 120 A.The 
simulations of the beams 1, 2  and 4 was done with 
Parmela [7], while case 3 was simulated by ASTRA [8]. 
was obtained in the blow out regime with a laser pulse of 
0.2 psec and an injection angle of -95° in the over-
compression condition. The final beam length is again 45  
μm and the peak current 120 A, but  the energy spread 
and the transverse dimension are smaller and the current 
has a different shape. 
The last two beams (3, shown in Fig. 2 , window (3) and 
4, Fig. 2, window (4))  have been injected around the 

maximum compression phase (respectively -89.9° and -
91.4°), obtaining more peaked currents. The difference 
between them is that beam (3) has been optimized with 
the genetic algorithm [9], leaving free the intensities of 
the 12 magnetic coils of the first structure and the 
injection angles in the last two structures (respectively -
34.9° and -2.8). These adjunctive degrees of freedom 
have permitted to obtain a current very much larger than 
the first two cases, only a bit smaller than case (4), but 
with a better control of  emittance and of energy spread. 
The last beam 4 belongs to the high current operation 
regime, widely explained in Ref [3]. 
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Figure 2: Left axis: Phase space ΔE/E  in % vs z (mm) . 
Right axis: current (a) vs z (mm) for (1): beam 1, (2) 
beam 2, (3) beam 3 and (4) beam 4. 
 
In table 1 the different characteristics of the beams are 
summarized. In the last two cases the effect of the large 
longitudinal space charge forces is that of prevent the 
complete overcompression, the particles being pushed 
forward by the electric repulsive forces applied by the 
slices behind. The result is a folding in the phase space in 
correspondence of the maximum density with inversion of 
the energy phase correlation. 
 

FEL SIMULATIONS 
 
The optimum focusing condition for the four beams has 

been deduced by the scaling law shown in Fig. 1. Values 
of σx and σx leading to the single spike operation with the 
maximum focalization (corresponding to the maximum 
energy extraction) have been used. For the beam (1) the 
condition of single spike occurs for σx=100 μm. In fact in 
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Fig 1 (1) the green star is positioned near curve (b) solid 
line (1 spike,  and (b) σx=100 μm ) and well above  curve 
(b) dashed line (2 spikes, σx=100 μm ). As the beam at 12 
meter has σx=126 μm, it has been transversally matched 
to the undulator entrance by means of the SPARC transfer 
line constituted by two triplets far  3.8 m. The second 
beam has σx=104 μm, so it can be not focused. Beam 3 
presents σx=79 μm at 12 m, so it has to be matched, as 
well as beam 4 that exits from the linac with σx=208 μm. 

The undulator and lattice characteristics are: 6 
undulator section of 2.15 m, λu=2.8 cm, aw=1.51, 
dB/dz=8. T/m. Radiation with wavelength of 500 nm is 
produced.  

In table 2 the most significant radiation characteristics 
are presented for various values of σx. The FEL 
simulations have been done with GENESIS 1.3 [10] . 

 
Table 2: radiation properties: Nsp: number of radiation 
spikes, E: total energy of the pulse, div: radiation 
divergence, σz,

rad :radiation length, bw: normalized 
bandwidth 

beam σx 

μm 
Nsp Pmax 

GW 
E 
μJ 

div 
mrad 

σz,
rad 

μm 
bw 
% 

1 104 
50 

1-2 
1-3 

0.13 
0.095 

23 
30 

1.7 
1 

30 
70 

1 
1 

2 104 
50 

1-2 
3 

0.037 
0.09 

10 
30 

0.7 
0.6 

50 
250 

0.8 
1 

3 104 
79 
50 

1 
1-2 
3 

0.16 
0.32 
0.37 

16.7 
44 
56 

1 
1 
0.9 

20 
40 
60 

1 
1 
0.8 

4 125 
100 
70 

1 
1-2 
1-2 

0.41 
0.7 
0.8 

39.6 
50.8 
68.4 

1.2 
2 
1.6 

15 
20 
25 

1.1 
1.2 
1.3 

 
In figures 3 and 4  the radiation evolution is presented 

in the plane z(m) vs s (μm), together with the pulse shape 
P (W) vs s at 11 meter in the undulator. The cases 
presented are: beam 1, σx =104 mm, and beam 4 , σx 
=125 mm.As shown, the predictions of the scaling law are 
respected. The analysis shows that there is large margin 
of choice in the single spike operation. The maximum 
compression regime leads to minima pulse lengths, large 
peak power and total energy. However, the operation in 
this regime requires a tight control of the beam line 
elements (as for instance the magnetic field intensity in 
the coils of the first structure) and of the injection angles 
for avoiding the formation of tails that degrade the beam 
quality and for controlling emittance and energy spread. 
These last quantities are not demanding for the single 
spike occurrence, but determine some of the pulse 
characteristics as, for instance, the divergence and the 
spectrum. 

    

 

              
 

Figure 3: beam 1, σx =104 μm: pulse shape P (W) vs 
s(μm) at 11m. Normalized level curves in the plane  z(m) 
vs s (μm). 
 

 

                
 

Figure 4: beam 4, σx =100 μm: pulse shape P (W) vs 
s(μm) at 11 meterr. Normalized level curves in the plane  
z(m) vs s (μm). 
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