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ANALYTICAL MODELS FOR CYCLOTRON ORBITS
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Abstract

A short review of analytical methods is presented

for the treatment of orbit dynamics of particles

not interacting with each other or with walls. The
hamiltonian theory is used. For the acceleration a
smooth approximation is used as well as an approxima-
tion in which the RF-structure is taken into account.
A few examples of analytical calculations are given.

1) Introduction

In the proceedings of the international confe-
rences on cyclotrons much has been published on the
theoretical description of the orbit behaviour in
cyclotrons. In the last conference a review article
giving insight in many phenomena has been written
by Lapostolle 1, Initially much attention has been
paid in the past to time independent orbit behavi-
our 2/3+/%, Acceleration effects were treated separa-
tely 5/ or by slowly changing the relevant parame-
ters in the time independent theory 7. An example of
the influence of the structure of the accelerating
system on the orbits is the gap crossing resonance
first mentioned by Cordon 5, During the last years
developments of a general theory including accelera-
tion have made progress 8,9,

In this contribution a review of analytical
methods is presented for the treatment of orbit dyna-
mics of particles not interacting with each other or
with walls. The classical hamiltonian theory is used.
The resulting analytical models do not have the pur-
pose to replace numerical calculations. They may be
used, however, as a means to check numerlcal calcula-
tions in idealized cases and as a guyjde for undex-
standing special effects as well as for finding cor-
rections in the case of unwanted numerically or expe-
rimentally olbserved perturbations 11, Numerical
calculations have always to be carried out when high
accuracy is needed or when the electric and magnetic
fields are strongly nonlinear: i.e. for isochronism,
the shape of extracted orbits, the central region,
the extraction region.

As input for the analytical model equations gene-
rally only a few components of the fourier expansions
of the electric and magnetic fields are needed. Often
it turns out to be convenient to use also numerically
found quantities like the radial and axial oscillation
frequencies. All parameters are taken as functions of
the radius. The model equations are sometimes slightly
too complicated to obtain immediate results. Then
simple computer programs may be needed. This occurs
for example when varying parameters must be taken
into account during the passage through a resonance
or when two resonances lie closely to each other.
Simple theoretical expressions often can only be
found for slowly changing parameters when resonances
are treated separately.

It is important to choose coordinates which give
an easy access to the problem or which give a rough
understanding of the orbit behaviour. Such coordina-
tes may be cylindrical coordinates for the treatment
of the radial motion.

Technology, the Netherlands

These coordinates are quite often finally abandoned
after a number of transformations at the favour of
Cartesian coordinates to chow the motion of the orbit
centre. When coupling between two oscillation modes is
considered it is convenient to use action and angle
variables which may act for our feelings as energy and
phase of the oscillations.

For low energy particles a relativistic treatment
is not strictly necessary. For particles in ring acce-
lerators with cavities one has generally to start from
a complete relativistic hamiltonian.

In this contribution the required successive
transformations needed for simplifying the problem
will be presented together with some first results.
Then smooth acceleration will be considered followed
by a treatment in which the realistic accelerating
structure is taken into account. The theory will be
applied to build up hamiltonians describing several
perturbing effects together. Finally the start of the
relativistic hamiltonian treatment for orbits on
large radii will be demonstrated.

2) A first approximation of the radial motion

In a cylindrically symmetric magnetic field E(r)
a possible trajectory for charged particles with li-
near momentum p, and charge Ze is a circle with
radius rg: Yo = pPo/ZeB(xry). Particles with the same
momentum but not moving on this circle will oscillate
around it. If they move outside the circle they will
experience a deviating magnetic induction and will
therefore follow an orbit with a radius of curvature
that differs from r,. As a result they cross the cir-
cle at intervals which differ from 7 radians. In this
vay a visual picture of the orbit trajectories is made
and radial oscillations are shown. A particle trajec-
tory has a radial distance x and a difference in
direction o with respect to the circle at a given azi-
muthal position. Movina over an azimuthal interval ao
then two differential equations for x and a follow:

dx = (r + x) adf, do = —(wdt - w dt ) (1)
o o 0

In these equations w 1is the local revolution frequen-

cy of the deviating particle at azimuth 6 and dt is

the time needed for moving over d6. The index o is

used for the particle on the circle. With the velocity

Vo = po/m and the field index n= -(r/B-dB/dR), one

finds:
r + x eB(ro) %
at = -2 as, o = — (1- = n)
v m T,

Substitution in the orbit equations (1) yields the
well known equation for radial oscillations in a cy-
lindrically symmetric field:

de
This result follows also from an equation in which
the radial acceleration is calculated from the unba-
lance between the centrifugal force and the Lorentz
force when the radial position r is put equal to r =
ro + x and the resulting equation is linearized !3.
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The given equations are simple and follow from
direct visual observations.
The reference orbit is circular and a linear
approximation is used. In reality the reference
orbit may have a complicated structure, nonlinear
effects may play an important role in the excita-
tion of resonances, acceleration in electric and
time dependent magnetic field take place, coupling
between radial, axial and longitudinal oscillations
occurs, etc. Sometimes nevertheless the visual
picture can be developped further.
However, it will become difficult to get reliable
gquantitative results. Moreover the use of models
from a visual picture may lead to a description in
which a number of essential effects are neglected.
The reverse way in which one starts with a general
theoretical model and then constructs a visual
picture is much better. All these arguments point
to general methods to investigate the orbit beha-
viour.

It is quite normal to connect the quantities
x and o in cyclotrons with orbit centre coordinates.
If a Cartesian coordinate system is oriented such
that the X-axis coincides with the azimuthal direc-
tion B8, then the orbit centre coordinates are given
by

X =x (9), Y = r.o (9) (2)

The direction deviation o eguals in first approxi-
mation the quotient of the radial momentum p_ and
the total momentum p,. o

The notion of the orbit centre is still kept
for non cylindrically symmetric fields. If the field
has an N-fold symmetry there exists a closed orbit
with mean radius r, having the same N-fold symmetry
as the field but with a momentum that slightly
differs from P = e<B(ro,e)>r Y. This difference is
due to a small change in the circumference of the
orbit with respect to the circle with radius ro.
The symmetry point of this N-fold symmetric closed
curve is taken as orbit centre and the relations
(2) are still sufficient for our understanding,
though in the rigorous theory they are modified!

3) The hamiltonian representation in time indepen-
dent fields

In time independent fields the hamiltonian

representing the particle motion is given by:
1 2
H= 5= (p - ed) + ev (3)

The magnetic vector potential and the electric
scalar potential are given by A and V resp. As there
is no explicit time dependency the energy E = H =
constant. From this hamiltonian the equations of
motion follow with time as the independent variable.
In these cases it is often convenient to use one of
the coordinates as independent variable and its
conjugate momentum as the negative of a new hamil-
tonian !*71®, The resulting equations of motion
then describe the geometrical orbit shape.
In the case of a circular accelerator the azimuth ©
will generally act as the new independent variable
and -pg as the new hamiltonian.

Note that pg is found by algebraically solving it
from the original hamiltonian.

In the case of ion optical devices with straight
optical axes the coordinate z along these axes may be
taken as the new independent variable and -p_ as the
new hamiltonian. Further it is advisable to use
relative coordinates and momenta in many cases: e.g.
£ = x/r, and T, = pPr/Po- The hamiltonian has then to
be scaled also. For the just mentioned example it
follows that H = H/p,r . Application of the two proce-
dures often leads to results.

The solenoidal lens. In a solenoidal lens with its
axis along the z axis the vector potential is given
by

3 2
1 1 d“B
Ae‘_ErBO +—1—6—r 5 ,Ar—O,AZ~O.
dz o

2 2
B,(z) and (d B/dz ), are the magnetic induction and
its second derivative along the z axis. The hamil-
tonian is given by:
;P 2

2 2
H=———(—e—eA) +p +0p , D = V2mH.
2Zm 't ] Tz “r o

Taking -p_ as the new hamiltonian, Ty = pg/p, anl
Ty = Pr/Po as relative momenta, omitting constant
terms, exvandinc the square root and keeping only
second degree terms one finds the new hamiltonian:

2

eA

LA
P,

As there is no explicit 6-dependency the momentum
is a constant of motion. For a trajectory crossing

somewhere the axis mg= o. For such a trajectory the
hamiltonian for paraxial rays becomes

1 ezAze 12 11 ezBZo 2 3 2
=z~ + = = | + =
k=35 b2 2" T2\7 Tpz )t T7 e

where the vector potential Ay is substituted. The
lens strength £or thin lenses then equals 1/F =
e2B2L/4p% with L the length of the lens (see for more
details e.qg. 17y,

The Wien filter. A Wien filter has been used at
Saclayl® and Eindhoven for radial injection of pola-
rized ions. For the treatment a Cartesian coordinate
system will be used in which the optical axis is
chosen along the Z-axis. The electric field points in
the X-direction. The magnetic field is e.g. the
cyclotron field. The series expansion of the electric
potential is given by:

2
v 1 ?f3 1 25 v
Vik,y)= 25> _ _+<5x LIS -SY {7
9x x=y=o0 2 2 2
\9x /x=y=o0 dx / x=y=0
The magnetic vector potential is given by:
2 [9B o/ 3B
v L Y -
= = - = — + = A =0,A =
B, ByX 2 ¥\ 9x X=y=0 2 Y\ 5% x=y=0"'""x o v °
The hamiltonian equals
2
12 2 —
= - - = H=E
H m px py+ (pz eAZ + ev, po 2mH,

272 CH1996-3/84/0000-0272 $1.00 © 1984 IEEE



Proceedings of the Tenth International Conference on Cyclotrons and their Applications, East Lansing, Michigan, USA

Using relative momenta m, = px/po, T, = py/pO the
new hamiltonian -p, up to second degree in the vari-~
ables after expansion of the square root becomes:

eB
]
K=x %_ SY- - L x
2E X o Po
2 2
2 e 9B
e S A S -0 S S - NG 4 S 4
2 x 2 2 \0ox 2E 2 P B 9x
4E s} Ix/ ¢ o \y o,
, 2
1 2 1.2 1 v By/1 B
+ =71 + =y - =[] - —
2y 2 2E 2 P B 9x
9x o

We now choose the electric field strength on the
axis such that (3v/3x), = -vB_ (x=y=0). Due to this
choice the first degree part 1n the hamiltonian
disappears. The remaining second degree part repre-
sents oscillations around the optical axis with
frequencies

R A L L

X 4E2 Ix o 2E 1yl Py B X /o

2 L1 gy SO By

v 2E(ax22 Po By X o
2 2

For stability v_ and v, have to be positive. Given
the magnetic £i814d of the cyclotron the magnetic
contributions to the focussing are relatively small.
For stability in both directions the electric field
strength must have a linearly increasing value in
the X-direction which may not be too large. This is
rather similar to the condition for the value of
the field index in classical cyclotrons.

4) The radial motion in a cyclotron without accele-
ration

Following the lines of the preceding section
the negative of the azimuthal canonical momentum is
taken as a new hamiltonian with the azimuth 6 as
independent variable. Also relative coordinates and
momenta are used. The magnetic vector potential up
to second degree in the axial coordinate z is
described by:

r
1 s 1f 1 22(38
Ae— 3 z (ar)zzo— = rB,dr +. .,Ar— > 7 \3

2 2 y
/ 4 Yo BQ ) 2\%
; -
4

+..,A=0.
z=0

1
K = — - =5
(1 + x) {1-! T + 2 1+x p,/e §§L

\
r > r r-r
o 1 o (BB) o z
= ] (1+x)B dx- = e == | %= = =
Po/ed/1 X) odx > z (1+x)p A éx T s v

The magnetic field in the median plane is represen-

ted by 2 (5)
u"XZ , x A"
B = B(r )| 1+y'x + + 3 + o
( o“\ w'x (Ak+xAk 3 +..)cos kB
, X28"
k

+. (B + B + i
( . Bk +..)sin k6

The magnetic field has an N-fold symmetry. The
summations should be carried out with k = nN.

As also imperfections are taken into account the
summation is taken for all integer values of k, kee-
ping in mind that only those which are a multiple of
the field symmetry N are large. In a cylindrically
symmetric field the second degree part in the hamil-
tonian immediately gives the betatron frequencies in
classical cyclotrons. For the study of the radial
motion without coupling the terms in r are skipped.
Substitution of the representation for the magnetic
field (5) then gives the radial hamiltonian Kp-
Expanding the square root yields

. 1 2
K = x| Z(A cos n6 + B sin nb)] + = x 1+ u' +
R n n 2
1 ' A ) 2
L(A_+A )cos nf + (B +B)sinn?+— ™ +
n n n n 2 r
1 2 1 3
=7 X + =x (2u' 4+ y" + Fourier terms) + ...
2 r 6
K, = K1 + K, + K. + ..., in which Ky represents the

tgrms of degree i in the hamiltonian Ky. The aim now
is to substract a reference orbit from the motion and
to remove by a series of successive canonical trans-
formations the f-dependency. As reference orbit is
taken the orbit that has the same N-fold symmetry as
the unperturbed magnetic field. The final hamiltonian
then has the shape Ky = Ky (X,Y) = constant, with X
and Y the orbit centre coordinates expressed in e.g.
mm. The function Kg describes the flow lines in phase
space. Quite generally the hamiltonian can be written
as

1.k

K(X,Y) = Zalk XY 7)

The coefficients o)) are composed out of constants and
field quantities like the Fourier coefficients. The
radial oscillation frequency can be either expressed
in these field quantities or taken from a table. The
flow lines follow from a very simple computer program
using the equations of motion:

X =22, 3v=22 19)

The results show the slowly moving orbit centre
instead of the complete complicated orbit shape. We
will now shortly follow the arguments for the various
transformations. The first degree part in the hamil-
tonian is removed mainly by a suitable choice of a
generating function which yields a simple coordinate
transformation

Y =x-x_ , T =T -1 (9)
eq’ 'r r eq

The functions x,_, and 7y, are O-dependent and repre-
sent the equilibrium orbit, i.e. the closed orbit in
the unperturbed N-fold symmetric field. Terms in Kj,
which have a Fourier frequency in the neighbourhood
of the expected radial frequency should never be
removed. For easiness we will omit below the bars
above new quantities.

The second degree part of the hamiltonian will
now be brought to the so-called normal shape

2 2 2 1
K=K x + K X T +K w->K = T+ E-Q (8) x

1 2
2 a0 11 roToez, 2 2
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This transformation is not strictly needed but it
may simplify the administration. The introduction
of action and angle variables (I,9)gives access to
transformations which can remove the azimuthal de-

pendency:
I

Wr= (2;[Ur)/2 sin ¢, x = (ZE- 5 cos ¢ (1n)

\'r
Here for Uy a value can be taken which equals rough-
1y the expected one. For low energy cyclotrons one
may take v, = 1. For a simple cylindrically symme-
tric field this transformation yields for the second
degree part of the hamiltonian: K; = UrI with the
equations of motion I = 0 and ¢ = -uy.
Taking a new angle variable 9 =¢ + 6 and keeping
the same action variable the motion is considered
with respect to a comoving coordinate system. For
the cylindrically symmetric field this then yields:

K2 = (ur - 1) I and ¢ = - (ur - 1)

This shows the rotation of the orbit centre which
moves opposite to the particle motion if v, >1. With
the introduction of the action and angle variables
the hamiltonian is now ready for transformations
which remove the 8-dependency Y. These transforma-
tions are generally quite complicated. We only give
the final result up to the fourth degree and first
order in the field quantities. Further the most
important terms in each degree are kept. Then

1 ’

1 e
= = (A + i -~ =
K= 3 { 1cosd: B1 sin ¢) (2I) " + (ur 1+ 3 AO +
(LA +iA')c 2 +(iB+
2, 4 o824 27

N

B ) sin 2¢) I +
2

32
(D cos3¢ + D sin3é) (2I) + i (E + E_cosd¢+
1 2 16 o 1

4
2
E sin 4¢) I + ...
2

L ¥
D=3A +5A8 +A ,D =3B +5B +B, E =qyu" +y'"
1 3 3 2 3 3

N
3
T

T T N R A A
w2y 6y 2 5S4 8

For drawing flow lines in phase space the action and
angle variables are transformed to Cartesian coordi-
nates which represent the orbit centre coordi-
nates (see e.g.7).
e L

X = T, (2I) ‘cos ¢ Y = T, (2I) “sin ¢ (11)
For the simple cylindrically symmetric field and
scaling with r, this yields

1 2 2

K =% (u=-1) (X +Y) (12)
2 2 r

This thus gives the circular motion of the orbit
centre with frequency Ur-l. The hamiltonians for the
complicated motion in perturbed AVF fields all have
equation (12) as a central part.

A first harmonic perturbation. The hamiltopian up to
second degree with a first harmonic perturbation is
given by

1 1 2. )7
= - v — -
K =3 (Alrox +Br vl +3 (b -1 (X +Y) (13)

10

The radial oscillation frequency may be taken from
either numerical calculations or from analytical
expressions 214 The flow lines are circles around a
shifted centre point:

1 Ar 2 B r 2
K=5 ©-1 <x+ Lo\ 4y +

2 2<Ur—1) 2 D

If v,>1 the centre point is shifted away opposite to
the direction of the first harmonic perturbation

(A 'Bi)’ if vy<l the centre point is "attracted" by
the first harmonic. The size of the shift is given
by fx : C.x

lax| = —ET;;TTI

where o5 is the amplitude of the first harmonic per-
turbation.

In fig. 1 and 2 two examples are given for flow
lines in a threefold svmmetric field with and withcat
a first harmonic perturbation. They show the well
known triangular shape 2rt for Cy = o and the asymme-
try for C; # o. The used values for D, C;, V,-1 are
quite normal in cvclotrons.

A second harmonic perturbation. A second harmonic
perturbation leads to elliptical or hyperbolic flow
lines in phase space:

2 2 11 1o, 22 1
= - v — (= il — —
K (ur 1)(X+_)+2(2A2+4A2)(X Y)+(2 B2+

B2) b4 (14)

NERSITS

Choasing the azimuthal zero point such that 1/2 B, +
1/4 Bé = 0 yields

1 1 1"V 2 1 1 IRATRS
K== -1)+ = A + =2 + = -1)- = A -—A

R R R T L e Y

One immediately observes the condition for stability:
vr>l, 1/28, + 1/4a, < v -1.

5) Smooth acceleration

The coefficients g1x in eg (7) and (&) will
slowly change during acceleration. If the accelera-
ting structure is neglected then the equations (8)
can be rewritten to simulate this slow change of the
parameters. All quantities are given as functions of
radius as a result of field measurements or as a
result of numerical calculations. Therefore (8) is
transformed by taking the radius as independent 2
variable instead of the azimuth’ 8 = 2mmn n = Cr
where n is the number of revolutions and C a constant
depending on the Dee voltage and the mean magnetic
induction. It follows that

The equations of motion then become

%g = 471Cr %% P g§-= -4nCr %% (15)
Though these equations are only approximations. They
serve well in demonstrating the orbit behaviour

during acceleration through radially dependent
perturbations or through resonances.

In fig. 3 an example of the motion of the orbit centre
in the extraction region through v,= 1 Is given.
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This type of calculation is performed by Corsten 20
to estimate the influence of a bevelled Dee. In the
Groningen cyclotron this same influence has been
studied by Van Asselt together with its RF-phase de-
pendent importance 21,

In the extraction region quite often the uy =
2u, resonance occurs rather immediately after the
VU, = 1 resonance. The hamiltonian for describing
these resonances together is constructed from the
hamiltonians given in section 4 with the addition of

coupling terms 22,

1 L, 2.2 1,22 1
= = = (X + - = - =
K: 2(A1rX+B1rY)+ 5 ( ¥ ) (v -+ 2(PZ+Z )(uz 2)

x 2 2

- g" (2 - P )~ 29"YZP (16)
ith "—l»( 4 out) o+ LI SR fringing fields
wi g'=7 H 1 2 ' oin inging .

In this hamiltonian X, ¥, Z, P, are expressed in the
same units as the radius r (e.g. in mm). If required
the terms representing the main field harmonics can
just be added. The axial momentum P, equals the axi-
al angle geviation multiplied with radius and divided
by the axial oscillation frequency to get circular
flow lines in phase space. The hamiltonian is derived
from eq. (4) using action and angle variables 22 and
then transforming to P,, 2, X, Y with a transforma-
tion of the type (l1).

In fig.4a and b two examples of results derived
from eq (16) are shown. In these cases no first har-
monic was used. The data for vy, vz and g" are given
in fig. 6. One clearly observes the increase or de-
crease of the axial oscillation energy as a function
of radius in dependence of the radial starting values.
The total energy in both oscillators remains constant
during the calculation as should be expected. In the
figures the values of (X2 + ¥2)% and (P} + 22)% are
plotted. For the calculation of the energies one has
to multiply (x2 + ¥2) and (P,“+ z2) by the respective
oscillation frequencies vy and vz. The oscillatory
behaviour after r = 500 mm has to be ascribed to the
fact that for a given total energy the "central”
fixed point does not coincide with (X#0,Y#0,2=0,P,=0).
In fig. 5 a few examples are given for a situation in
which a small first harmonic field perturbation is
present. The amplitude of the first harmonic is
210—4, its orientation is taken in four directions.
One observes the rapid increase of the radial oscil-
lation amplitude and the relatively large influence
on the axial amplitude. In this case the total energy
of both oscillators increases.

6) Acceleration with Dee structure

The geometrical structure of the RF-system is
very important in the central region. Effects at
large radii have to be considered when resonances are
present. An example is the gap crossing resonance 5.
Another example is the influence of the position of
cavities in & ring accelerator 23,

In the foregoing sections we started with a des-
cription in cylindrical coordinates and ended with
hamiltonians for the orbit centre coordinates in Car-—
tesian coordinates. The question may arise whether
the use of Cartesian coordinates right from the be-
ginning could be profitable. It turns out that for
the treatment of the acceleration in the central
region this works nicely 8,

However, for the incorporation of azimuthally varying
magnetic fields the analytical calculations become com-
plicated. The way of thinking may be that firstly the
hamiltonian describing the influence on the centre
motion due to acceleration is constructed using Carte-
sian coordinates and then secondly the results of the
preceding sections are added to the hamiltonian. This
is allowed as long as first order effects are conside-
red. The hamiltonian including the electric fields
arising from the RF-structure is given by
2
H = 1j%p - Zed) + ZeV(0) cos w_ t (17
mo= = RF

Note that the hamiltonian is time dependent. Therefore
taking -p; as a new hamiltonian with the conjugate
coordinate gi as independent variable does not help so
much as in the time independent case. Further if the
hamiltonian is expanded in cylindrical coordinates one
finds essential terms with r-l as a factor which,
yield difficulties in the required series expansions.
A treatment with Cartesian coordinates leads to a way
out 8/2% One can construct direct transformations to
orbit centre coordinates as well as energy and central
positions phase coordinates. In a cyclotron with one
Dee and an hth harmonic acceleration mode the final

hamiltonian is
2 2

- Zev sin h¢ 1, 0
H=f (E) + = W + 2(_\)r 1) (X +Y)
zev hy?
- —2*7; s1in (h&) ?E—‘ (18)

The energy is represented as E= 1/2R2 with R the radius
of the equilibrium orbit of the particle with energy
Ep, the quantity V is related to the Dee voltage by V=
V(Dee)RZmax/zEpmax with Rpayx and Epya, the maximum
values of radius and particle energy. The charge of the
particle is Ze. The radial oscillation frequency may

be taken from analytical or numerical results. The
function f£(E) describes the isochronism of the field
for centered particles: ¢ = 3H/3E = 2f/¢$E=AB/B. The
time is scaled with t=twge/h,with h the mode number of
the acceleration. The quantity AB/B is a function de-
pending on R? and thus on the energy E. This quantity
mav be known from measurements, analytical or numeri-
cal calculations, or may be constructed by hand to
investigate the influence of non isochronism on the
orbit behaviour. In the hamiltonian (18} the width of
the accelerating gap is taken equal to zero. For a
study of phase compression this may be an approxima-
tion which cannot be allowed. More extended expressions
which take the Dee gap width into account follow di-
rectly from the general treatment as has been shown

by W. Schulte 8,

One clearly observes in eq. (18) the coupling
between the orbit centre motion and the longitudinal
motion. This coupling kecomes large for off centered
particles, high harmonic numbers and small energies.
The coupling may agive rise to an unstable orbit centre
motion in the same way as a second harmonic perturba-
tion in the magnetic field can do it. For studying the
combined effects of Dee structure and first and second
harmonic perturbations one simply may add the relevant
parts of the hamiltcnians (13) and (14) to (18):

B, = LA rxemorv)+ tida £A')(}(Z—yz)ﬂl—s
= A rXAB, T 2 I P

1 1
1,2 7+ EBZ) XY

2
For a study of a cyclotron with two small extra

Dees for flattopping the hamiltonian for a two Dee sy-

stem driven on the 3hth harmonic must be built in.
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The extra terms are found from a coordinate rotation

applied on the two-Dee hamiltonian given by Schulte 8.

ZeV

3 i C
AH3h: - 2S;§3husin3h(¢—¢b) + 55 (x cos B-y sinB)
D[1 .
(- sinf+ y cosB) cos 3h(¢-¢_)+ o8 §<X sin B+ y-
2 2 1 2 \ 2

-cos B) cos o + EKX cusB-ysinf) sin %)Sith(¢—%:

Here V., corresponds to the voltage on the extra Dees,

B 1is the rotation of the Dees with respect to the
acceleration gap of the main Dee, a is the half angle
of the extra Dees, ¢3 is the RF-phase. Further C =

2ZeV3_ ~2ZeV

p- (3h)cos ?hascosa+sina, D= 4"";-w(3h)sin 3ha

Q=

The examples given are only demonstrations to show how
to construct the final hamiltonian model. Coupling
effects in multi Dee systems may lead to a serious
elongation of the phase space figures resulting final-
ly in bad beam quality due to RF-phase mixing. These
effects will not be treated here further except for
the illustration in fig. 7. In this figure the influ-
ence of the azimuthal extension of the Dees in a two
Dee system on the phase space behaviour of the orbit
centres is shown.

7) Acceleration with RF cavities

For the study of orbit dynamics at large radii
the use of curvilinear or cylindrical coordinates is
to be preferred to Cartesian coordinates as has been
done in the preceding section. The closed orbit has a
circle like shape and deviations can be expressed as
small gquantities relative to this orbit. Also field
quantities can rather easily be represented by fourier
series. The acceleration in cavities or in dee gaps in
fact originates from the RF magnetic field. Therefore
contrary te the ad hoc addition of a potential functi-
on, the RF fields are now incorporated in the magnetic
vector potential 9+10, The relativistic hamiltonian
is given by

2 2 2 2 2
H=E+(p —-eA ). ¢ +(p -eA ) .c

r X X z z

Py 2 G
+{—— -eA ) ,c | (19)

1+ 2 8

p(s)

Ey is the rest energy of the particle, c¢ the velocity
of light,pthe radius of curvature, s the position
along the orbit. To get rid of the square root a se-
ries expansion chould be made. However, we only know
that the guantities Py, pzs X, Z are small. The longi-
tudinal momentum pg may be quite large. It is there-
fore convenient to introduce a new longitudinal momen-
tum which represents the deviation of the old momentum
from a prescribed function. The choice of this func-
tion leads to a central orbit.

The further development of the hamiltonian can
lead to a combined description of transversal and
longitudinal motion under the influence of RF accele-
ration and betatron acceleration including coupling
effects.

Betatron motion. For a cylindrically symmetric field
in a betatron the hamiltonian does not depend on the
longitudinal coordinate s. Therefore the conjugate
momentum pg is a constant of motion. If this constant
is taken equal to zero one obgerves that in the
expansion of the square root no first degree terms are
present.
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We then have a description around an eqguilibrium orbit:
pzkin = e?A3 and we know Pkin = —€Brp. Therefore Ay =
-Br,. This means that the enclosed flux has an average
magnetic induction which is twice the value at the
orbit radius (the so-called betatron condition). A more

rigorous treatment is given in ref

Synchrotron motion. For the synchrotron motion the
vector potential is split into a slowly varying part
(Ag ) and a fast oscillating part (As,f) due to the
RF fields. A new longitudinal momentum is now defined
which describes the deviation of the old momentum from
a slowly changing prescribed function added with the
fast oscillating part of the vector potential pg =

Ps -~ pgol(t) - ehg, f (s,t). The hamiltonian (19) beco-
mes s/ -
2 22 2 2 [P YP 2 2\y a
= + + = —
H E _*p ¢ p,c T eAS’ c + S3¢ Poo (t)
. b

(20)

—?//§ E (s,t)ds
s

with Eg the electric field strength in the accelerating
gaps. The influence of the betatron acceleration is
incorporated in AS,S and Pg,, the influence of the
accelerating structure in the last term. In the case

of a Dee structure this term is a periodic function in
s and equals the potential function that has been used
earlier in section 6:

S
-f E (s,t)ds » eV(S)CO%HE’(t) dt (Dee)

In case of a cavity one acquires a step function in s:
3 s

Al
- - . (cavi
%// E (s,t)ds — J/%S(s)ds coi/aHth (cavity)

If radial electric field strenghts are important for
the orbit behaviour they should be taken into account
right here before going further.

After expanding the square root one observes in
second degree a coupling between pg and x. The removal
of this coupling term leads to a general definition of
the central position phase in time dependent fields 10,
Scaling of the parameters, removal of first degree
parts and defining a phase coordinate with respect to
the RF-phase leads to a description of an accelerated
equilibrium orbit, the synchrotron oscillations and
coupling phenomena between transversal and longitudi-
nal modes of oscillation. The results are equivalent
at least to those found from the methods given in
section 5, but give a wider range of applicabi-
lity 10,23,

8) Concluding remarks

The analytical theory for the acceleration of
single particles has been developped until now in such
a way that the results are reliable for a first study
of orbit dynamics in e.g. central regions, extraction
regions and resonances. The use of resulting hamilto-
nians 1s generally simple and the meaning of the rele-
vant coordinates and momenta clear. The construction
of the hamiltonians is sometimes easy. Often, however,
it is an art which asks for some experience. As a start
for the study of orbit theory one should first consult
the references and 25, Extended information on orbit
theory can be found in the Proceedings of the Interna-
tional Conferences on cyclotrons.
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fig. 1. The flow lines in a 3-fold symmetric magnetic
field (see also ref.3 and 4) without a first harmonic.
The points indicate a progress of 3 revolutions.

Dy= 3, Dp= 0, urml = 0.02

L~ 30
fig. 2. The flow lines in a 3-fold symmetric field
with a first harmonic A;= 0.0005, Bj= 0, other data as
used for fig. 1. One clearly observes the shift of the

closed orbit and the decrease of the stable region.
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fig. 3a. An example of the motion of the orbit centre
in the extraction region. The radial interval is Ry =
480 mm to Re = 520 mm. Dy= 3, Dy= 0, A= 0.0005, By=
0, YV = 1 is given in fig. 3b. The points indicate a
progress of 3 revolutions. The last point corresponds
*o R = 513.6 mm. In extraction studies the radius
should be added to the X coordinate if the extractor
entrance lies in the X-direction. The cycloidal path
in r-py phase space then follows.

fig. 3b. The radial oscillation frequency as used for
the example in fig. 3a.

CH1996-3/84/0000-0277 $1.00 © 1984 IEEE 277




Proceedings of the Tenth International Conference on Cyclotrons and their Applications, East Lansing, Michigan, USA

10— T r— 6
/“
E ™ 5
~ i 14 £
g e
Nx | | %
i
~N
[ -2
L1 1 | |
480 490 500 510
R (mm})
T T T T4
z g
£ 12 -4 E
E e
N)_ Q+-
N‘ 12 ~N
=
1‘ —
5
| L I Ly
480 490 500 510
R{mm}

fig. 4a. The radial and axial oscillation amplitudes
as a function of radius without a first harmonic per-
turbation, showing the influence of the vy=2vu, reso-
nance. The data for Uy, vz and g" are given in fig.6.
In fig. 4a the start values are at R = 480 mm: X =

8 mm, Y=0, 2= 2 mm, P, = 0.

In fig. 4b the start values are: X = -12 mm, Y = O,

Z =2, Pz = 0. In the interval R = 480 ~ 510 mm
thirty revolutions were taken.

€ =
E E
T E
o~ —
> ™~
* a
™~ +
>
N
0 | . | - 1
480 490 500 510
R{mm)
fig. 5. The radial and axial oscillation amplitudes

as a function of radius with a small first harmonic
perturbation for four different cases showing the
combined influence of the Vi = 1 and ur = 2Uz resonan-
ces: Aj= 0.0002, By= 0/ Ay= -0.0002, By= 0/ Ay= 0O,

By= 0.0002/ A;= 0, By= -0.0002. The data for vy, vy
and g" are given in fig. 7. In the interval R = 480 -
510 mm thirty revolutions were taken. The start values
at R = 480 mm are X = 0, Y =0, Z2 = 2 mm, P, = O.

fig 6. The values of vy.
Uy and g" as a function
of radius. The values are
roughly representative
for the Eindhoven cyclo-
tron.
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fig. 7. Radial phase space figures during the first
six revolutions in a minicyclotron in construction at
the University of Eindhoven, showing the influence of
the azimuthal Dee width. Initial energy 25 keV, energy
gain 100 keV per revolution; central position phase at
the start = 0°; size of the initial area 1| x 2 mm2;
second harmonic mode of operation; Dee width 45, 60
and 90. It is clearly shown that for good beam quality
one has to adapt the ion source emmittance: if
sufficient beam current is available, one has to cut
away unwanted parts of the area by means of central
diaphragms if the Dee width does not equal w/h,

with h the harmonic mode number.
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